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ABSTRACT

The Q-compensated viscoelastic reverse time migration
(Q-ERTM) method counteracts the subsurface quality-factor
(Q) filtering effect for attenuated multicomponent seismic data
to produce high-quality migrated images. Compared with
Q-compensated viscoacoustic reverse time migration (Q-ARTM),
Q-ERTM provides more informative geologic and structural char-
acterization of the subsurface, but it poses greater challenges on
viscoelastic wavefield decomposition and stabilization. On the
basis of our previously proposed stabilization operator for Q-
ARTM, we have developed a mode-dependent adaptive stabiliza-
tion scheme for Q-ERTM, which has the ability to handle the

numerical instability issue arising from viscoelastic compensation.
The stabilization scheme exhibits superior properties of time vari-
ance and Q dependence over the commonly used low-pass filter-
ing method. In the context of the viscoelastic wave equation with
decoupled fractional Laplacians, we have thoroughly investigated
the staggered-grid pseudospectral approach for viscoelastic simu-
lation, vector-based wavefield decomposition for imaging, and
mode-dependent adaptive stabilization for compensation. These
indispensable modules eventually form the whole framework
for stable and accurate Q-ERTM. The Q-ERTM results including
PP- and PS-images from synthetic and field data sets are provided
to verify the feasibility and superiority of our approach in terms of
fidelity and stability.

INTRODUCTION

Frequency-dependent amplitude absorption and phase-velocity
dispersion are two kinds of typical phenomena that accompany
seismic wave propagation through subsurface media. Such intrinsic
quality-factor (Q) filtering effects inevitably degrade the quality of
seismograms, decrease the resolution of migrated images, and even-
tually affect the reliability of seismic interpretation. Early attempts to
mitigate theQ-filtering effect are mainly performed on poststack seis-
mic data and include time-varying deconvolution (Clarke, 1968;
Griffiths et al., 1977; Margrave et al., 2011), time-variant spectral
whitening (Yilmaz and Doherty, 2001), and inverse Q filtering (Har-
greaves and Calvert, 1991; Wang, 2002, 2006; Wang et al., 2018b).
In recent years, many researchers have paid considerable attention to
investigate seismic-attenuation compensation during prestack migra-
tion (Mittet et al., 1995; Mittet, 2007; Zhang et al., 2012; Zhu et al.,

2014; Bai et al., 2016; Wang et al., 2018c, 2019), which is considered
as a more physically consistent scheme due to the fact that amplitude
attenuation and phase dispersion associated with anelasticity occur
during wave propagation (Zhang et al., 2010; Zhu et al., 2014).
Among these Q-compensated prestack migration methods, Q-com-
pensated viscoacoustic reverse time migration (Q-ARTM) has at-
tracted a lot of research interest in the geophysical community due
to its high-fidelity imaging properties and broad prospects for appli-
cation (Zhu et al., 2014; Guo et al., 2016; Wang et al., 2018c). Zhang
et al. (2010) propose a Q-ARTM scheme based on a viscoacoustic
wave equation involving a pseudodifferential operator to compensate
for amplitude loss and phase-velocity dispersion. Inspired by the
studies in medical photoacoustic tomography in medicine (Treeby
and Cox, 2010; Treeby et al., 2010; Huang et al., 2012), Zhu and
Harris (2014) develop a viscoacoustic wave equation with decoupled
fractional Laplacians (DFLs) based on Kjartansson’s constant-Q
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model, and they further formulate theQ-ARTM framework based on
this equation (Zhu et al., 2014). This equation is rather attractive for
counteracting the Q-filtering effect during reverse time migration
(RTM) due to its flexibility for separated amplitude recovery and
phase correction. Although most recent efforts have been made to
incorporate Q-ARTM for mitigating the subsurface attenuation ef-
fects on seismic imaging, to our knowledge, only a little attention
has been paid to Q-compensated viscoelastic reverse time migration
(Q-ERTM) (Deng and McMechan, 2008; Guo and McMechan,
2015; Zhu and Sun, 2017). This motivates some researchers to de-
velop an accurate viscoelastic imaging approach that mitigates the
effects of P- and S-wave attenuation. Deng and McMechan (2008)
propose viscoelastic true-amplitude prestack RTM based on the gen-
eralized standard linear solid with multiple relaxation mechanisms, in
which the intrinsic attenuation and its compensation are embedded in
composite memory variables associated with relaxation mechanisms.
Guo and McMechan (2015) and Zhu and Sun (2017) develop
Q-ERTM in the context of the viscoelastic wave equation with DFLs,
in which the separated attenuation compensation can be easily
achieved by reversing the absorption proportionality coefficient in
sign but leaving the equivalent dispersion parameter unchanged.
Compared with Q-ARTM, Q-ERTM compensates the subsurface
Q-filtering effects for attenuated multicomponent seismic data to pro-
duce high-quality migrated images. It has been proven thatQ-ERTM
can provide more informative geologic and structural characterization
of the subsurface for seismic imaging and interpretation, but it poses
greater challenges on viscoelastic wavefield decomposition and sta-
bilization (Yan and Sava, 2008; Du et al., 2012; Zhu and Sun, 2017).
More specifically,Q-ERTM constructs the vector wavefield using the
viscoelastic wave equation and separates the coupled wavefield into
P- and S-wave modes before applying an imaging condition. Further-
more, the seismic attenuation effect on P- and S-wave modes exhibits
distinct properties of amplitude absorption and phase-velocity
dispersion; thus, a mode-dependent stabilization scheme is required
to obtain well-compensated PP- and PS-images.
Given the aforementioned situation, we focus on the numerical

instability issue existing in Q-ERTM. It has been stated in many
works that direct amplitude compensation will inevitably result
in exponentially boosted high-frequency ambient noise (Zhu et al.,
2014; Sun and Zhu 2015; Yang et al., 2016; Wang et al., 2017a,
2018c). By deriving Green’s functions for the constant-Q wave equa-
tion and its compensated equation, Wang et al. (2017c, 2018c) theo-
retically prove that the compensated constant-Q equation is a heavily
ill-posed equation due to the presence of the compensating term. The
most intuitive method to overcome the instability is to apply a low-
pass filter whose cutoff frequency is identified by the noise level
of measured data to suppress the high-frequency component (Treeby
et al., 2010; Ammari et al., 2013; Zhu et al., 2014). Such a time-
invariant filtering approach maintains the fidelity of the compensated
images within the filter’s pass band, but it inevitably damages the
high-frequency signal. Inspired by the fact that a signal loss manifests
as a depth-dependent magnitude decrease and blurring of features
within the recorded data, Treeby (2013) proposes a regularization
scheme by using a time-variant window, whose cutoff frequency
is based on the local time-frequency distribution of the recorded sig-
nal. Unlike the conventional low-pass filtering acting as a damage
controller to suppress the high-frequency noise regardless of spatially
varying Q and compensation depth (traveltime), Wang et al. (2018c)
develop an adaptive stabilization for Q-RTM, in which the stabiliza-

tion factor can be explicitly identified by the specified gain limit ac-
cording to an empirical formula. In this paper, we generalize the
previously developed adaptive stabilization scheme into a mode-
dependent version for the viscoelastic situation, in which the P- and
S-wave modes have distinct attenuating properties but similar forms
of propagation equation.
In this study, we first describe the general principle ofQ-ERTM in

the framework of the viscoelastic wave equation with DFLs. Then,
we thoroughly investigate some implementation details of Q-ERTM
including the staggered-grid pseudospectral (SGPS) approach for
viscoelastic extrapolation, vector-based wavefield decomposition
for PP- and PS-imaging, and mode-dependent adaptive stabilization
for P- and S-wave mode compensation. Following that, we perform
Q-ERTM on synthetic and field data sets to demonstrate the stability
and feasibility of the proposed mode-dependent adaptive stabilization
scheme.

GENERAL PRINCIPLE OF Q-ERTM

Viscoelastic wave equation with DFLs

We first introduce the general principle ofQ-ERTM in the frame-
work of constant-Q wave equation with DFLs for the 2D case (Zhu
and Carcione, 2014; Guo andMcMechan, 2015; Wang et al., 2018a;
Zhao et al., 2018), which can be recast as a first-order matrix differ-
ential equation of the following form:

∂tu⋄ ¼ Hu⋄ þ f; (1)

where u⋄ ¼ ðvx; vz; σxx; σzz; σxzÞT is the 5 × 1 unknown field array;
f ¼ ðfx; fz; 0; 0; 0ÞT is the 5 × 1 source array; and

H¼

0
BBBBBBBBBBBBBBBBBBBBBBB@

0 0 1∕ρ∂x 0 1∕ρ∂z

0 0 0 1∕ρ∂z 1∕ρ∂x

ðηpDpþτpAp∂tÞ∂x
� ηpDp−2ηsDsþ
τpAp∂t−2τsAs∂t

�
∂z 0 0 0

� ηpDp−2ηsDsþ
τpAp∂t−2τsAs∂t

�
∂x ðηpDpþτpAp∂tÞ∂z 0 0 0

ðηsDsþτsAs∂tÞ∂z ðηsDsþτsAs∂tÞ∂x 0 0 0

1
CCCCCCCCCCCCCCCCCCCCCCCA

¼

0
BBBBBBBBBBBB@

0 0 1∕ρ∂x 0 1∕ρ∂z

0 0 0 1∕ρ∂z 1∕ρ∂x

ðλ̄þ2μ̄Þ∂x λ̄∂z 0 0 0

λ̄∂x ðλ̄þ2μ̄Þ∂z 0 0 0

μ̄∂z μ̄∂x 0 0 0

1
CCCCCCCCCCCCA

(2)

denotes the spatial 5 × 5 operator array. The terms λ̄ and μ̄ in this
operator represent the generalized Lamé coefficients under the vis-
coelastic case, which can be expressed as

λ̄þ 2μ̄ ¼ ηpDp þ τpAp∂t; (3)
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μ̄ ¼ ηsDs þ τsAs∂t; (4)

λ̄ ¼ ðηpDp þ τpAp∂tÞ − 2ðηsDs þ τsAs∂tÞ: (5)

There are two fractional Laplacians in these coefficients, i.e.,

Dm ¼ ð−∇2Þγm ; Am ¼ ð−∇2Þγm−1∕2; m ¼ P; S; (6)

which are, respectively, responsible for the phase velocity dispersion
and amplitude attenuation. The subscript m ¼ P; S represents the
P- or S-wave. The proportionality coefficients of two fractional
Laplacians are given by

ηm ¼ Cmc
2γm
m0

cosðπγmÞ; τm ¼ Cmc
2γm−1
m0

sinðπγmÞ; (7)

where

Cm ¼ ρc2m0
cos2½πγm∕2�ω−2γm

0 ; m0 ¼ P0; S0; (8)

and the dimensionless parameter γm ¼ arctanð1∕πQmÞ range within
(0, 1/2) for any positive values of Qm. The terms cP0 and cS0 denote
the P- and S-wave velocity at the reference frequency ω0. For lossless
media, as Q → ∞; γ → 0, so η → −1 and τ → 0, then we have

λ̄þ 2μ̄ ¼ ρc2p ¼ λþ 2μ; μ̄ ¼ ρc2s ¼ μ; (9)

which indicates that the spatial operator H can be reduced to the
elastic case.

The SGPS method for viscoelastic simulation

In this subsection, we aim to develop a computationally efficient
numerical method for solving equation 1, in which the first-order
spatial derivatives and fractional Laplacians are involved. The
SGPS method, which represents an extension of the SGFD method,
can help to reduce the requirement that many grid points per wave-
length are needed to overcome the spatial dispersion. The spatial
operator H in equation 1 can be further decomposed into two parts
as

H ¼
�

0 Φ
Ψ 0

�
; (10)

where Φ and Ψ, represented as 3 × 2 array and 2 × 3 array, sepa-
rately denote the spatial operators acting on the stress and particle
velocity field. Thus, the viscoelastic wave equation 1 can be discre-
tized as

vþ ¼ v− þ Δt
ρ
Φσ− (11)

and

σþ ¼ σ− þ ΔtΨvþ; (12)

where vþ ¼ ðvþx ; vþz ÞT and v− ¼ ðv−x ; v−z ÞT are the velocity 2 × 1

field array and σþ ¼ ðσþxx; σþzz; σþxzÞT and σ− ¼ ðσ−xx; σ−zz; σ−xzÞT are
the stress 3 × 1 field array. The superscripts þ and − on the velocity

and stress field denote the corresponding field at current and pre-
vious time steps, respectively. According to the SGPS method, the
first-order spatial derivatives can be calculated as

∂j� ¼ F−1
j fikje�ikjΔj∕2F jg ¼ F−1

j fik�j F jg; (13)

where F j and F−1
j denote the 1D Fourier transform and 1D inverse

Fourier transform along the jth axis. The term i ¼ ffiffiffiffiffiffi
−1

p
is the

imaginary unit, jkj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2x þ k2z

p
denotes the norm of the vector

wavenumber, and kj is the discrete wavenumber along the jth di-
mension. The superscripts þ and − on wavenumber kj denote a
spatial shift that translates the output by left (up) and right (down)
with half the spatial interval, respectively. Fractional Laplacians in
operator 2 can be efficiently calculated as

Dm½∂j� � ¼ F−1fjkj2γmF ½∂j� �g
¼ F−1fjkj2γmF l≠j½ik�j F j�g
¼ F−1fjkj2γmik�j Fg;
¼ F−1fjkj2γm−1F l≠j½ik�j F j�g
¼ F−1fjkj2γm−1F l≠j½ik�j F j�g
¼ F−1fjkj2γm−1ik�j ∂tFg; (14)

where F and F−1 denote the 2D Fourier transform and 2D inverse
Fourier transform. Owing to the fact that 2D Fourier transform can
be considered as performing 1D Fourier transform twice along each
dimension, we can reduce the computational cost of two 1D inverse
Fourier transforms during each calculation of the fractional Lapla-
cian. As shown in equation 14, the 2D Fourier transform operator F
can be obtained by performing a 1D Fourier transform F l≠j on the
operator ik�j F j along the lth dimension. According to equations 13
and 14, the discrete spatial operators Φ and Ψ in equations 11 and
12 can be finally expressed as

Φ¼
�
1∕ρF−1

x fikþx F xg 0 1∕ρF−1
z fik−z F zg

0 1∕ρF−1
z fikþz F zg 1∕ρF−1

x fik−xF xg
�
;

(15)

and

Ψ¼

0
BBBB@

ηpDp½∂x− �þτpAp½∂x− � ηpDp½∂z− �þτpAp½∂z− �
−2ðηsDs½∂z− �þτsAs½∂z− �Þ

ηpDp½∂x− �þτpAp½∂x− �
−2ðηsDs½∂x− �þτsAs½∂x− �Þ ηpDp½∂z− �þτpAp½∂z− �
ηsDs½∂zþ �þτsAs½∂zþ � ηsDs½∂xþ �þτsAs½∂xþ �

1
CCCCA;

(16)

where Dm½∂j� � and Am½∂j� � are defined in equation 14. As we can
see from the discrete spatial operators Φ and Ψ, a large number of
1D and 2D Fourier transforms are involved during the viscoelastic
simulation, which incur the most computational cost compared with
the rest of the simulation parts. For an intuitive understanding, we
estimate the total 1D and 2D fast Fourier tranforms (FFTs) and the
corresponding inverse FFTs (IFFTs) used in the numerical simulation
in equation 1. For calculating the velocity field using equation 11,
four 1D FFTs and four 1D IFFTs are required; for solving the stress
field using equation 12, two 2D FFTs and 12 2D IFFTs are required.
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Wavefield decomposition and viscoelastic imaging
condition

In this part, we intend to formulate the viscoelastic imaging con-
dition for Q-ERTM. Viscoelastic extrapolation couples the
P- and S-wave components and further suffers from seismic at-

tenuation and dispersion effects when propagating through subsur-
face media. Therefore, three indispensable steps are involved for
achieving viscoelastic imaging: wavefield decomposition, attenua-
tion compensation, and imaging.
We first introduce a P- and S-wavefield decomposition method for

viscoelastic extrapolation. In multicomponent seismic data, P- and S-
wave modes exist in each particle-velocity component. As we know,
it will inevitably bring crosstalk artifacts between different wave
modes when the unseparated wavefield is directly introduced into
the migration procedure. The earlier attempts to separate the
P- and S-wave components are based on the Helmholtz theory that
introduces divergence and curl operators (Dellinger and Etgen, 1990;
Yan and Sava, 2008; Du et al., 2012). However, such a scalar sep-
aration scheme might cause an unwanted amplitude change and po-
larity reversal, which degrades the quality of the imaging results by
destroying their original physical meaning. In recent years, a vector-
based wavefield decomposition method has been proposed to keep
the exact vector property of the coupled wavefield (Zhang et al.,
2007, 2017; Xiao and Leaney, 2010; Wang et al., 2015; Chen et al.,
2017; Du et al., 2017; Zhao et al., 2018). Here, we conduct
P- and S-wavefield decomposition by introducing the P-wave stress
variable σp and S-wave stress variable σs. The detailed viscoelastic
wavefield-decomposition process is presented in Appendix A. The
decomposed viscoelastic wave equation can be expressed as

∂tu° ¼ Wu•; (17)

where u° ¼ ðσp; vxp; vzp; σs; vxs; vzsÞT is the 6 × 1 decomposed
wavefield array; u• ¼ ðvx; vz; σp; σsÞT is the 4 × 1 hybrid wavefield
array; and

W ¼

0
BBBBBBB@

ðλ̄þ 2μ̄Þ∂x λ̄∂z 0 0

0 0 1∕ρ∂x 0

0 0 1∕ρ∂z 0

μ̄∂z −μ̄∂x 0 0

0 0 0 1∕ρ∂z
0 0 0 −1∕ρ∂x

1
CCCCCCCA
; (18)

denotes the 6 × 4 decomposed spatial operator array. The subscripts
p and s on the velocity field denote the pure P- and S-particle-veloc-
ity component, and we have vx ¼ vxp þ vxs and vz ¼ vzp þ vzs.
Equations 1 and 17 provide a complete framework for viscoelastic
wavefield extrapolation and decomposition. We can discretize equa-
tion 17 via the SGPS scheme in a similar way as that for equation 1,
which brings extra computational cost of four 1D FFTs and four 1D
IFFTs. The discrete spatial operator W is given by

W¼

0
BBBBBBB@

ηpDp½∂x− �þτpAp½∂x− � ηpDp½∂z− �þτpAp ½∂z− � 0 0

0 0 1∕ρF−1
x fikþx F xg 0

0 0 1∕ρF−1
z fikþz F zg 0

ηsDs ½∂zþ �þτsAs½∂zþ � −ηsDs½∂xþ �−τsAs ½∂xþ � 0 0

0 0 0 1∕ρF−1
z fik−z F zg

0 0 0 −1∕ρF−1
x fik−x F xg

1
CCCCCCCA
:

(19)

Another issue is the attenuation compensation during the visco-
elastic extrapolation. Equations 1 and 17 seem to be attractive for
Q-ERTM owing to their flexibility for separately compensating am-
plitude loss and correcting phase distortion. As stated by Treeby et al.
(2010) and Zhu et al. (2014), the attenuation compensation for the
equation with DFLs can be easily achieved by reversing the absorp-
tion proportionality coefficient in sign but leaving the equivalent
dispersion parameter unchanged. In other words, compensated vis-
coelastic extrapolation can be performed by reversing the term τm
in the spatial operators H (equation 2) and W (equation 18) in sign.
Here, we define the compensated spatial operators asHc andWc, and
the compensated viscoelastic wave equations are given by

∂tu⋄c ¼ Hcu⋄c þ f (20)

and

∂tu°c ¼ Wcu•c; (21)

where the superscript c of the wavefield variables stands for the com-
pensated wavefield.
Because we have formulated the compensated viscoelastic wave

equations 20 and 21, the viscoelastic imaging condition withQ-com-
pensation can be further obtained. In this paper, source-normalized
crosscorrelation imaging conditions in the inner product form are
adopted for vector-based viscoelastic imaging. They are given by

IppðxÞ ¼
R
T
0 vS

a

p ðx; tÞ · vRc

p ðx; tÞR
T
0 vS

a

p ðx; tÞ · vSap ðx; tÞ dt;

IpsðxÞ ¼
R
T
0 vS

a

p ðx; tÞ · vRc

s ðx; tÞR
T
0 vS

a

p ðx; tÞ · vSap ðx; tÞ dt; (22)

where superscripts S and R denote the source and receiver wave-
fields, respectively. Superscript a of the superscript S denotes the
attenuated source wavefield, and superscript c of the superscript R
denotes the Q-compensated receiver wavefield (Sun and Zhu,
2015; Zhu, 2016). However, amplitude compensation during time-re-
verse viscoelastic extrapolation is a nonstationary process with en-
ergy exponentially amplified over traveltime, which indeed boosts
high-frequency ambient noise and even results in numerical instabil-
ity. In the next section, we develop a novel stabilization scheme for
Q-ERTM, thereby generating higher resolution and higher fidelity
images.

MODE-DEPENDENT ADAPTIVE STABILIZATION
FOR Q-ERTM

We have overviewed the general principle of Q-ERTM and
also provided some technical details for viscoelastic extrapolation,
decomposition, and compensation. Mathematically speaking, com-
pensated viscoelastic wave equations 20 and 21 are severely ill
posed due to the presence of amplitude-compensating terms in spa-
tial operators Hc and Wc. Wang et al. (2018c) propose an adaptive
stabilization operator for Q-ARTM by analytically deriving the
Green’s functions for the constant-Q wave equation and its com-
pensated equation. Here, we first give a brief recall of adaptive sta-
bilization forQ-ARTM and then we develop a mode-based adaptive
stabilization for Q-ERTM.
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Inspired by the work of Wang (2006), Wang et al. (2018c) pro-
pose a similar adaptive stabilization for Q-RTM. The stabilization
operator for viscoacoustic Q-RTM can be expressed as

ϒðk; lΔtÞ ¼
� 1

1þσ2e2ξ2ðkÞΔt
; l ¼ 1;

1þσ2e2ξ2ðkÞðl−1ÞΔt
1þσ2e2ξ2ðkÞlΔt ; l ¼ 2; 3; : : : ; n;

(23)

where the parameter ξ2ðkÞ ¼ −τc2jkj2γþ1∕2 > 0 is the imaginary
part of the solution of the dispersion relation (Sun et al., 2014; Wang
et al., 2018c). The stabilization factor σ2 can be empirically ob-
tained from a specific gain limit Glim,

σ2 ¼ e−0.23Glim−1.39: (24)

The Green’s function of the compensated equation is divergent at
the high-wavenumber end, which eventually results in numerical
instability during compensation. That is to say, attenuating media
can be considered as a time-variant system with seismic wave energy
exponentially decreasing; contrarily, attenuation compensation is a
nonstationary process with the energy exponentially amplified over
the propagation time. Furthermore, the exponentially decreased or
increased degree is closely linked to the magnitude of the wavenum-
ber jkj, which suggests that the high-wavenumber components are
more vulnerable to be absorbed or amplified. To illustrate the inherent
adaptability of such a stabilization scheme, we numerically compare
the compensated time propagator (Figure 1a) and stabilized time
propagators using low-pass filtering (Figure 1b) and our proposed
scheme (Figure 1c). We set σ2 ¼ 2.5 × 10−7 for our proposed
method, and we use the cutoff wavenumber ρ ¼ 0.16 m−1 for the
low-pass filter. From Figure 1b and 1c, we can conclude that our
proposed stabilization scheme preserves more high-wavenumber
components at an earlier propagation time and it prevents the propa-
gator from being unstable by suppressing high-wavenumber compo-
nents at a later time; whereas, low-pass filtering may result in high-
wavenumber loss in a short period of time, and relatively high-wave-
number divergence over a long period of time. Moreover, seismic
attenuation compensation with adaptive stabilization exhibits supe-

rior property of time variance and Q dependence because the stabi-
lized gain curve is automatically adjusted with traveltime t and
quality factor Q. Therefore, it can intelligently avoid boosting the
ambient noise, especially for noisy data.
We have briefly revisted our previously proposed adaptive stabi-

lization scheme for Q-ARTM, which can be considered as the sta-
bilization operator Υðk; lΔtÞ acting on the P-wave mode. Here, we
generalize this stabilization scheme to the S-wave mode and then
develop a mode-based adaptive stabilization for Q-ERTM. The
numerical model described in this paper is based on the first-order
equation 1; however, the adaptive stabilization scheme is derived
from the second-order wave equation, which can be obtained by
eliminating the stress tensor from equation 1. In homogeneous

a) b) c)

Figure 1. (a) The compensated time propagator and stabilized time propagators using (b) low-pass Tukey filtering and (c) the proposed
adaptive stabilization. We clip the same amplitude value for these three figures.
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Figure 2. The stabilized compensation coefficients Λðk; tÞ varying
with (a) different traveltime t ¼ 0.5, 1.0, and 1.5s (Qp ¼ 30 and
σ2 ¼ 0.1%), (b) different quality factor Qp ¼ 120; 60, and 30
(t ¼ 1.5 and σ2 ¼ 0.1%), where the solid lines represent a P-wave
and the dashed lines represent an S-wave. For simplicity, we set
cp∕cs ¼ 1.7 and Qp∕Qs ¼ 1.3 for this synthetic example.
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media, using the vector notation with u ¼ ðux; uzÞ, the second-order
viscoelastic wave equation has the following form:

ρ
∂2u
∂t2

− ðηpDp þ τpAp∂tÞ∇ð∇ · uÞ
þ ðηsDs þ τsAs∂tÞ∇ × ð∇ × uÞ ¼ 0; (25)

where the forcing term has been left out for simplicity. According to
Helmholtz’s theorems, we can write the displacement as the sum of
the gradient of a scalar potential and the curl of a vector potential,

u ¼ up þ us ¼ ∇ϕþ ∇ × ψ ; (26)

where up ¼ ∇ϕ and us ¼ ∇ × ψ are the compressional and shear
components of the displacement. Therefore, the vector equation 25
can be split into two parts corresponding to P- and S-wave propa-
gation:

ρ
∂2up
∂t2

− ðηpDp þ τpAp∂tÞ∇ð∇ · upÞ ¼ 0 (27)

and

ρ
∂2us
∂t2

þ ðηsDs þ τsAs∂tÞ∇ × ð∇ × usÞ ¼ 0: (28)

From the viscoelastic equations 27 and 28, we can conclude that the
P- and S-wave modes satisfy a unified form. Therefore, the mode-
dependent adaptive stabilization can be given as

ϒmðk; lΔtÞ ¼
� 1

1þσ2e2ξmðkÞΔt ; l ¼ 1;
1þσ2e2ξmðl−1ÞΔt
1þσ2e2ξmðkÞlΔt ; l ¼ 2; 3; : : : ; n;

(29)

where the exponential term ξmðkÞ controls the stabilizing effects on
the P- and S-wave modes, which is defined as

ξmðkÞ¼c2γmþ1
p0;s0 ω−2γm

0 sinðπγmÞcos2ðπγm∕2Þjkj2γmþ1∕2: (30)

To verify the fact that the P- and S-wave modes require mode-
dependent stabilization due to their distinct attenuating properties,
we plot the viscoelastic compensation curves Λðk; tÞ at a different
traveltime t (Figure 2a) and with a different quality factor Qm

(Figure 2b), in which the solid lines represent a P-wave and the
dashed lines represent an S-wave. We assume that the reference
P-wave velocity cp0 of the homogeneous medium is 3000 m∕s.
For simplicity, we set cp∕cs ¼ 1.7 and Qp∕Qs ¼ 1.3 for all syn-
thetic examples in this paper. Figure 2a shows the P- and S-wave
gain curves at t ¼ 0.5, 1.0, and 1.5s, respectively, with Qp ¼ 30

and σ2 ¼ 0.1%. These curves have the same peak
amplitude value but a different frequency band
range. More specifically, the effective compensa-
tion range shifts to the low frequencies and be-
comes narrow with time and the S-wave gain
curves have a wider compensation range overall
than that of the P-wave gain curves. From
Figure 2b, we can draw a similar conclusion that
the compensation curves move toward the low
frequencies as the Q-value decreases. In general,
the rules of stabilized compensation curves vary-
ing with traveltime t and quality factor Qm agree
with our intuitive understanding. Considering
seismic wave propagation in high-attenuation me-
dia with smallerQm, when it travels a longer time,
its amplitude undergoes more intensive attenua-
tion, especially at the high-frequency components;
accordingly, Q-compensation tends to drastically
amplify such an attenuated signal even ambient
noise, whereas an amplitude-compensation oper-
ator with stabilization can adaptively avoid boost-
ing the ambient noise by high-frequency

Elastic Viscolastic

a) b)

Figure 4. Synthetic vertical-component seismogram obtained from (a) elastic and (b) vis-
coelastic modeling. We clip the same amplitude value for these two figures.

a)

b)

Figure 3. (a) The P-wave velocity and (b) Qp of the Marmousi
model, and S-wave velocity cs and S-wave quality factor Qs are
obtained by setting cp∕cs ¼ 1.7 and Qp∕Qs ¼ 1.3.
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suppression. Furthermore, the S-wave has a relatively shorter wave-
length than the P-wave, which leads to the wider compensation range
for the S-wave mode. Consequently, it indicates that our proposed
stabilization is an adaptive scheme adapted well to Q-ERTM.

NUMERICAL EXAMPLES

Compared to conventionalQ-ERTM stabilized by a low-pass filter,
our proposed Q-ERTM with mode-dependent adaptive stabilization
can theoretically recover as many high-frequency components of
shallow structures as possible while maintaining a relatively stable
compensation for deep structures. In this section, we perform Q-
ERTM on a synthetic data set, respectively, stabilized by low-pass
filtering and our proposed method, to demonstrate the superiority

of the proposed approach in terms of fidelity and stability. All of
the numerical examples are conducted by CUDA programming on
the Tesla K10 GPU cluster. We adopt a checkpointing-assisted
time-reversal reconstruction scheme to reconstruct the source wave-
fields, which combines the efficiency of reverse propagation and the
stability of checkpointing (Yang et al., 2016; Wang et al., 2017b).

Q-ERTM for the synthetic data

We conduct Q-ERTM for the Marmousi model, whose P-wave
velocity and Qp models are, respectively, shown in Figure 3a and
3b, respectively. As we have mentioned above, we set cp∕cs ¼ 1.7

and Qp∕Qs ¼ 1.3 for this synthetic example. A high-attenuation
zone with a low value of Qp ¼ 30 is located at the dark-blue zone
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c) d)

e) f)

Figure 5. Synthetic traces selected arbitrarily at a distance of 3 km from the 30th shot, (a) vertical component and (b) horizontal component of
the original and attenuated seismogram, (c) magnified view of the vertical component, (d) magnified view of the horizontal component, and the
corresponding amplitude spectra (e and f). In each figure, the black line corresponds to the elastic data without attenuation and the red line
corresponds to the attenuated data.
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in Figure 3b, which distributes at approximately 1400 m in depth on
the left and shallows to 500 m on the right. The size of the model is
6.63 × 2.34 km with grid spacing of dx ¼ dz ¼ 10 m. In the obser-

vation system, there are 100 shots distributed laterally with a shot
interval of ds ¼ 60 m, and each of them is accompanied with 201
double-sided receivers. The source function is a Ricker wavelet with

a) b)

c) d)

e) f)

g) h)

Figure 6. Migrated images of the Marmousi model obtained by (a and b) elastic RTM, (c and d) elastic RTM on lossy data, (e and f) low-pass-
filteredQ-ERTM, and (g and h) adaptively stabilizedQ-ERTM. The left column (a, c, e, and g) shows the PP-images, and right column (b, d, f,
and h) shows the PS-images. The labels A, B, and C denote the three reflectors below the high-attenuation zone.
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a dominant frequency fd ¼ 30 Hz. The synthetic seismic data are
modeled by the k-SGPS with time interval dt ¼ 0.001 s, and the
seismic records last 3.0 s.
To identify a reasonable cutoff frequency for the conventional

filtered Q-ERTM and the stabilization factor for our proposed sta-
bilized Q-ERTM, we need to estimate the attenuation level of the
measured data (Zhu et al., 2014; Wang et al., 2018c). Figure 4a and
4b shows synthetic vertical-component seismograms in elastic and
viscoelastic media, respectively. We can observe the apparent am-
plitude decay from the viscoelastic gather, especially for far-offset
reflections. Figure 5a and 5b displays traces selected arbitrarily at
the distance of 3 km from the vertical and horizontal components of
the 30th shot gathers, which exhibit apparent an amplitude differ-
ence between these two traces. Figure 5c and 5d presents magnified
views of these traces, which show slight phase dislocation between
these two traces. The corresponding power spectra are shown in
Figure 5e and 5f, from which we select the cutoff frequency of
75 Hz for the Tukey filter (the blue circle marked in Figure 5e
and 5e). The cutoff frequency fc is calculated by multiplying
the cutoff wavenumber kc by the mean velocity cmean of the model.
To conduct a fair comparison between the low-pass filtering method
and our proposed adaptive-stabilization scheme, we need to select
the cutoff frequency fc and stabilization factor σ2 under a relatively

consistent criterion. In this synthetic example, we adopt the
gain limit Glim of 80 dB (corresponds to stabilization factor
σ2 ¼ 2.5 × 10−8) for our proposed stabilized Q-ERTM to alleviate
numerical instability, which is nearly equivalent to the conventional
filtering method with the cutoff frequency fc ¼ 75 Hz at a refer-
ence propagation time t0 ¼ 1.0 s. It is remarkable that the mode-
dependent adaptive stabilization scheme imposes distinct amplitude
suppression for P- and S-wave during viscoelastic wavefield
reconstruction and compensation, even though they have the same
stabilization factor.
Figure 6 shows the migrated PP- and PS-images (Figure 6a and 6b)

using the conventional ERTM from lossless seismic data and the PP-
and PS-images (Figure 6c and 6d) using the attenuated seismic data,
low-pass filteredQ-ERTM images (Figure 6e and 6f) from the attenu-
ated seismic data, and our proposed adaptively stabilized Q-ERTM
images (Figure 6g and 6h) from the attenuated seismic data, respec-
tively. In this example, the ERTM results shown in Figure 6a and 6b
serve as the ideal reference for the comparison of the compensation
performance. Due to the presence of a high-attenuation zone, the im-
aging results of the structure beneath the high-attenuation zone shown
in the blue frame in Figure 6c and 6d exhibit attenuated amplitudes
and blurred structures; besides, it also gravely affects the migration
image of the anticlinal structure shown in the green frames in Fig-
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Figure 7. Migrated PP-traces selected arbitrarily
from PP-imaging results at three distances of
(a) 1.6 km, (b) 3.8 km, and (c) 5.2 km. In each
figure, the black line stands for the reference trace,
the blue line for the conventional filtered one, the
red line for the adaptively stabilized one, and the
green line for the noncompensated one.
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Figure 8. Migrated PS-traces selected arbitrarily
from PS-imaging results at three distances of
(a) 1.6 km, (b) 3.8 km, and (c) 5.2 km. In each
figure, the black line stands for the reference trace,
the blue line for the conventional filtered one, the
red line for the adaptively stabilized one, and the
green line for the noncompensated one.
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Figure 9. Wavenumber spectra corresponding to the traces shown in Figures 7 and 8, in which the black lines stand for the spectra of the reference
traces, the blue lines for the conventional filtered ones, the red lines for the adaptively stabilized ones, and the green lines for the noncompensated
ones.
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ure 6c and 6d below the unconformities. Figure 6e and 6f shows com-
pensated images by Q-ERTM using the conventional low-pass filter-
ing method. Figure 6g and 6h depicts the imaging results obtained by
our proposed adaptive stabilization scheme. From these migration im-
ages, we can find that the compensated results definitely improve the
imaging quality and obviously exhibit clear anticlinal structure and
recovered amplitudes compared with the noncompensated images.
Furthermore, the PS-images enjoy better resolution than that of
the PP-images to some degree. For a clearer comparison, Figures 7
and 8 show migrated PP- and PS-traces that are selected arbitrarily at
three distances of 1.6, 3.0, and 5.2 km from the imaging results shown
in Figure 6. From these traces, we find that the compensated traces
match well with the reference traces. Meanwhile, the proposed stabi-
lization scheme exhibits a slight fidelity improvement over the low-
pass filtering method. It indicates that our developed stabilized
Q-ERTM is capable of improving the imaging quality and relieving
it from cumbersome numerical instability. More specifically, we note
that the compensated PP-images obtained by the conventional low-
pass filtered Q-ERTM and the proposed stabilized Q-ERTM exhibit
similar compensation performance, whereas the quality of the com-
pensated PS-images differs markedly for these two imaging methods.
This difference just shows the validity of the mode-dependent stabi-
lization, which treats the P- and S-wave compensation as two indi-
vidual procedures and possesses high-frequency noise suppression in
conformity with the PP- and PS-imaging processes. Figure 9 shows
the wavenumber spectra corresponding to the traces in Figures 7 and
8. We can see that the overall frequency bands of the compensated
ones are expanded to a wider range, associated with increased
dominant frequency, and they almost reach the same level as the refer-
ences. This demonstrates that the proposed stabilized Q-ERTM im-
proves the migration quality in terms of the imaging fidelity and
visual resolution.
We initially expect to see great improvement between the

proposed method and conventional low-pass filtering; however,
the synthetic numerical results fail to fully match the theoretical
results shown in Figure 1. A possible explanation is that the im-
provement in compensation frequency bands may not visibly reflect
the resolution improvement on the migrated im-
ages. Anyway, the proposed stabilized Q-ERTM
provides a feasible way to stabilize the compen-
sation process with comparable (sometimes bet-
ter) results. Furthermore, the proposed mode-
dependent stabilization scheme can adapt well
to the viscoelastic case in which Qp and Qs
can be treated separately. Another possible rea-
son is that the synthetic example without any
noise may result in a quite comparable stabiliza-
tion performance regardless of how broad the
compensation frequency bands it preserves. We
also provide a field data example in our next sub-
section to further verify the feasibility of the pro-
posed method.

Q-ERTM for the field data

The Q-ERTM for a field data presented here
aims to further verify the feasibility of the
proposed stabilized Q-ERTM. We apply the pro-
posed Q-ERTM to vertical-component-only land
seismic data. The surface is flat, and the model

size is 20 × 6 km with a grid interval of 20 m. There are 250 ex-
plosive shots horizontally located at an approximate 20 m depth,
most of which have an interval of 40 m. The receivers are located
at the surface with a 20 m interval, and the maximum offset is
4.8 km. We consider nt ¼ 4000 time steps for each shot with
the temporal interval of dt ¼ 0.001 s. To eliminate the diffraction
artifacts from long offsets, we set the stacking aperture of 4.0 km
around the shot. Figure 10 shows the P- and S-wave velocity mod-
els. Because the parameter Qp;s is usually not available for field
data, it can be determined from the following empirical relation
(Li, 1993):

Qp;s ¼ 3.516v2.2p;s; (31)

a)

b)

Figure 10. (a) The P-wave velocity and (b) S-wave velocity of the
field data.

a) b)

Figure 11. (a) Original and (b) denoised seismogram of the 150th source located at a
distance of approximately 11.8 km. We can find that the low-frequency noise shown in
the blue and green frames is removed after band-pass filtering.
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where the P- and S-wave velocity are given in kilometers per
second.
Figure 11a shows the observed seismogram of the 150th source lo-

cated at a distance of approximately 11.8 km, which contains three
main reflectors located at depths of approximately 0.8, 1.4, and
2.8 km, respectively. Denoise processes are conducted before perform-
ing Q-ERTM, and the denoised seismogram is shown in Figure 11b.
The averaged trace from Figure 11b and its amplitude spectrum are
displayed in Figure 12. This spectrum indicates that the dominant fre-
quency of the seismic data is approximately 20 Hz, and the effective
frequency band ranges from 8 to 60 Hz. This decibel spectrum pro-
vides a prior reference to determine a reasonable cutoff frequency fc
of the low-pass filtering method and stabilization factor σ2 of the pro-
posed method. Here, we select fc ¼ 60 Hz and σ2 ¼ 2.5 × 10−4.
Figure 13 shows the migrated PP-images using conventional

ERTM without attenuation compensation, low-pass filtered Q-
ERTM, and adaptively stabilized Q-ERTM from field data, respec-
tively. Figure 14 shows the migrated PS-images obtained from these
three imaging methods. From Figures 13 and 14, we can find that
the compensated images exhibit better stratigraphic continuity,
sharper reflectors, and a more balanced amplitude compared to
the noncompensated ones. Furthermore, the migrated images using
the proposed stabilized-compensation scheme have a higher visual
resolution and better structural fidelity compared to the conven-
tional filtered ones. For a clearer comparison, Figure 15 displays
the wavenumber spectra of the reference traces selected from the

0 0.5 1 1.5 2 2.5 3 3.5 4

−1

−0.5

0

0.5

1

Time (s)

A
m

pl
itu

de

0 20 40 60 80 100
−60

−50

−40

−30

−20

−10

0

Frequency (Hz)

A
m

pl
itu

de
 (

dB
)

a)

b)

Figure 12. (a) The averaged trace from Figure 11b and (b) its am-
plitude spectrum in decibel. From this decibel spectrum, we can
determine the cutoff frequency fc ¼ 60 Hz of the low-pass-filtering
method.

a)

b)

c)

Figure 13. Migrated PP-images obtained from (a) conventional
ERTM without attenuation compensation, (b) low-pass-filtered
Q-ERTM, and (c) adaptively stabilized Q-ERTM, in which labels
A and B denote the reflector located at a depth of approximately
3.2 km and label C corresponds to the reflector located at a depth
of approximately 4.8 km.

a)

b)

c)

Figure 14. Migrated PS-images obtained from (a) conventional
ERTM without attenuation compensation, (b) low-pass filtered
Q-ERTM, and (c) adaptively stabilized Q-ERTM, in which labels
A and B denote the reflector located at a depth of approximately
3.2 km and label C corresponds to the reflector located at a depth
of approximately 4.8 km.
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migrated PP- and PS-images (X = 6 km). The comparison indicates
that the proposed stabilized Q-ERTM tends to preserve more high-
frequency components compared to the conventional filtered Q-
ERTM. Frankly speaking, the field data experiment is definitely
more challenging due to the presence of the crosstalk effect and
the absence of multicomponent recorded data available. We also
admit that our current research mainly focuses on theoretical analy-
sis and synthetic tests, which is far from a sophisticated method for
field-data application. In this sense, we would like to step further in
our future work and try our best to improve the feasibility of the
proposed method.

CONCLUSION

We have developed a stable Q-ERTM framework for multi-
component seismic imaging, in which the mode-dependent adaptive
stabilization operator is an extension of the previously formulated
version for Q-ARTM. The SGPS approach and vector-based P- and
S-wavefield decomposition scheme are also introduced to realize an
efficient wavefield extrapolation and viable imaging condition for
Q-ERTM. We have provided the synthetic and field data experi-
ments to verify the superiority of the proposed approach in terms
of fidelity and stability. The theoretical analysis and numerical re-
sults indicate that the proposed scheme has the ability to handle the
issue of numerical instability arising from the viscoelastic compen-

sation and exhibits superior properties of time variance and Q
dependence over a commonly used low-pass filtering method.
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APPENDIX A

VISCOELASTIC P- AND S-WAVEFIELDS
DECOMPOSITION

In this appendix, we present the vector-based P- and S-wavefields
decomposition method of the viscoelastic wave equation with DFLs,
following the works of Xiao and Leaney (2010) and Wang et al.
(2015). Wang et al. (2015) explicitly derive the decomposed wave
equations and point out that the decomposition can be accomplished
during wavefield propagation process. This way, the amplitude and
phase information are accurately preserved. Xiao and Leaney (2010)
give the P- and S-wave components in an elastic isotropic homo-
geneous medium

8<
:

ρ
∂2up
∂t2 ¼ ðλþ 2μÞ∇ð∇ · uÞ;
ρ ∂2us

∂t2 ¼ −μ∇ × ð∇ × uÞ;
(A-1)

and defined an intermediate variable σp that satisfies

∂σp
∂t

¼ ðλþ 2μÞ
�
∂vx
∂x

þ ∂vz
∂z

�
: (A-2)

For the viscoelastic case, we replace the Lamé coefficients in equa-
tion A-1 with the generalized Lamé coefficients. Taking x-compo-
nent, for instance, we have

ρ
∂2uxp
∂t2

¼ ðλ̄þ 2μ̄Þ ∂
∂x

�
∂ux
∂x

þ ∂uz
∂z

�

¼ ðηpDp þ τpAp∂tÞ
∂
∂x

�
∂ux
∂x

þ ∂uz
∂z

�
;

(A-3)

and as vx ¼ ∂ux∕∂t, equation A-3 becomes
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Figure 15. Wavenumber spectra of the reference traces selected
from the migrated images (X = 6 km), in which the black lines stand
for the spectra of the noncompensated traces, the red lines for the
conventional filtered ones, and the blue lines for the adaptively sta-
bilized ones.
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ρ
∂2vxp
∂t2

¼ ðηpDp þ τpAp∂tÞ

×
∂
∂x

�
∂vx
∂x

þ ∂vz
∂z

�
: (A-4)

In a similar way, an intermediate variable σp can be obtained by
replacing the Lamé coefficients in equation A-2 with the generalized
Lamé coefficients, which satisfies

∂σp
∂t

¼ ðλ̄þ 2μ̄Þ
�
∂vx
∂x

þ ∂vz
∂z

�

¼ ðηpDp þ τpAp∂tÞ
�
∂vx
∂x

þ ∂vz
∂z

�
: (A-5)

Thus, we can get the decoupled wavefield

ρ
∂vxp
∂t

¼ ∂σp
∂x

: (A-6)

We obtain the z-component in a similar way, which is given by

ρ
∂vzp
∂t

¼ ∂σp
∂z

: (A-7)

If we define an intermediate variable σs, we can do similar deduction
for the S-component, and then we have

∂σs
∂t

¼ −μ̄
�
∂vz
∂x

−
∂vx
∂z

�

¼ −ðηsDs þ τsAs∂tÞ
�
∂vz
∂x

−
∂vx
∂z

�
; (A-8)

and the particle-velocity components are given by

ρ
∂vxs
∂t

¼ ∂σs
∂z

(A-9)

and

ρ
∂vzs
∂t

¼ −
∂σs
∂x

: (A-10)

Equations A-5–A-10 are the decoupled viscoelastic wave equations.
We rewrite these equations in a matrix form to obtain equation 17.
To demonstrate the performance of the viscoelastic P- and S-wave-

fields decomposition, we conduct viscoelastic simulation and decom-
position on a two-layer model with horizontal sharp interface
(Figure A-1). Figure A-2 presents the z-component of the coupled
viscoelastic wave snapshot, decoupled P- and S-wave snapshots.
From Figure A-2, we can find that the P-wave and converted S-wave
are well-separated by the proposed method with only a slight abnor-
mal energy along the interface, which can be removed by smooth
or median filtering (Du et al., 2017). Basically, the decoupled P- and
S-wave equations can provide satisfactory separation results for
Q-ERTM.
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